1995 MATH Challenge

Y ou have your friend roll three dice, without showing you the outcome. Ask her to multiply
the number on the first die by 5, then add 7 and double the result, add the number on the
second die, multiply thisresult by 10, add the number on the third die, and tell you the result.

a.  If her result is 401, what were the numbers (in order) on the three dice?

b.  Explain how to determine in genera the three numbers on the dice from the result on
the prescribed cal culation (and make clear why your method will work).

For real numbers x> 1 and integers n > 1, define

n
fn(X): 1 1 1

logz x logzx """ logn X

Express
(n ! )f n(X)

assimply as possibleintermsof x and n, and justify your answer. (But regard properties
of the logarithm function as givens.)

a If r and s are positive real numbers such that (\/? +J§) isrational, must f and /s
be rational? (Give a proof of your answer.)

b. Supposethateachof r, s, and (\/F +J§) arerational. (r and s till assumed to be
positive.) Provethat both +/r and /s arerational.

Find, with proof, al real values of a> 0 such that

a* 3 x* holdsfor al x> 0.

Through how many lattice points (i.e., points (X,y) with x and y integers) doesthe curve

x'+y*- 16xy=1
pass?

When the number 1995'°* is expressed in decimal form, the sum of the digitsis A, and
when A iswritten in decimal form the sum of the digitsis B. Let C be the sum of the digits
when B iswritten in decimal form. Evaluate C. (Partia credit will be given for a
reasonably good upper bound for C.)

Attimet, particle Lisin position x, =3sint and particle 2isin position x, = t(2 + cost)
(both lieon the x-axis). Thus, at t = 0, both are at the origin. Arethey ever again (i.e., for
sometime t >0) in the same position?

The sequence of functions f,, f,, f,, ... isdefined recursively by



f,=8, andfor n3 0, f,,(x)=/x*+6f (x) .

For each integer n2 0, find al real solutions of the equation f (x) = 2x.

9. Evaduate lim ié’nl 1
' 0¥ niadf(k+1)° +YkZ- 1+ (k- 12

(Hint: Note that the denominators have the form x* + xy+ y*. You should be able to take
advantage of thisto obtain aclosed form for the sum.)

10. For x> 0, define the “continued exponential” function f(x)= X asfollows
f.(x)=x,andfor n3 1, f_,(x)=x"®. Thus, f,(x)=x", f,(x)=x* (interpreted as
X)), etc. Now define

f(x)= I|®rg f.(x), when thislimit exists.

a If f(x)=2,findwhat x, must be, and explain why.

b.  Notethat part (a) does not assert that f (x) ever has 2 asavaue. For the number x, of
part (a), prove that in fact f(x,) = 2.



